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Abstract 

The existence of a fundamental length (or fundamental time) has 
been conjectured in many contexts. However, the "stability of physi- 
cal theories principle" seems to be the one that provides, through the 
tools of algebraic deformation theory, an unambiguous derivation of 
the stable structures that Nature might have chosen for its algebraic 
framework. It is well-known that c and h are the deformation pa- 
rameters that stabilize the Galilean and the Poisson algebra. When 
the stability principle is applied to the Poincare-Heisenberg algebra, 
two deformation parameters emerge which define two length (or time) 
scales. In addition there are, for each of them, a plus or minus sign 
possibility in the relevant commutators. One of the deformation length 
scales, related to non-commutativity of momenta, is probably related 
to the Planck length scale but the other might be much larger. In this 
paper this is used as a working hypothesis to look for physical effects 
that might settle this question. Phase-space modifications, deviations 
from c in speed measurements of massless wave packets, resonances, 
interference, electron spin resonance and non-commutative QED are 
considered. 

PACS: 03.65.-w; 06.20.Jr 



1 Introduction 

The idea of modifying the algebra of the space-time components in such 
a way that they become non-commuting operators has appeared many times 
in the physical literature ([l][2][3][l][5],[6][7][8][9][Tn][n][12][l3][T^ 
[T5] [T6] [T7] [18] [I9] ^0\, etc.). The aim of most of these proposals was 
to endow space-time with a discrete structure, to be able, for example, to 
construct quantum fields free of ultraviolet divergences. Sometimes a non- 
zero commutator is simply postulated, in some other instances the motivation 
is the formulation of field theory in curved spaces. String theories [21] [22] 
and quantum relativity [23] [24] have also provided hints concerning the non- 
commutativity of space-time at a fundamental level. 
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A somewhat different point of view has been proposed in [22] [2S] • There 
the space-time noncommutative structure is arrived at through the apphca- 
tion of the stability of physical theories principle (SPT). The rationale behind 
this principle is the fact that the parameters entering in physical theories are 
never known with absolute precision. Therefore, robust physical laws with a 
wide range of validity can only be those that do not change in a qualitative 
manner under a small change of parameters, that is, stable (or rigid) theories. 
The stable-model point of view originated in the field of non-linear dynam- 
ics, where it led to the notion of structural stability [27] [28]. Later on, Flato 
[29] and Faddeev [30] have shown that the same pattern occurs in the fun- 
damental theories of Nature, namely the transition from non-relativistic to 
relativistic and from classical to quantum mechanics, may be interpreted as 
the replacement of two unstable theories by two stable ones. The stabilizing 
deformations lead, in the first case, from the Galilean to the Lorentz algebra 
and, in the second one, from the algebra of commutative phase-space to the 
Moyal-Vey algebra (or equivalently to the Heisenberg algebra). The defor- 
mation parameters are ^ (the inverse of the speed of light) and h (the Planck 
constant). Except for the isolated zero value, the deformed algebras are all 
equivalent for non-zero values of ^ and h. Hence, relativistic mechanics and 
quantum mechanics might have been derived from the conditions for stability 
of two mathematical structures, although the exact values of the deforma- 
tion parameters cannot be fixed by purely algebraic considerations. Instead, 
the deformation parameters are fundamental constants to be obtained from 
experiment and, in this sense, not only is deformation theory the theory of 
stable theories, it is also the theory that identifies the fundamental constants. 

The SPT principle is related to the idea that physical theories drift to- 
wards simple algebras [21] [22] [S3], because all simple algebras are stable, 
although not all stable algebras are simple. 

When the SPT principle is applied to the algebra of relativistic quantum 
mechanics (the Poincare-Heisenberg algebra) 
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rj^i, = (1, —1, —1, —1), c = h = 1, it leads [23] to 



I 





(2) 



The stabilization of the Poincare-Heisenberg algebra has been further stud- 
ied and extended in [31] [35] [36]. The essential message from (|2]) or from 
the slightly more general form obtained in [31] is that from the unstable 
Poincare-Heisenberg algebra {Mpi,,pp,Xi^} one obtains a stable algebra with 
two deformation parameters i and . In addition there are two undetermined 
signs e and e'and the central element of the Heisenberg algebra becomes a 
non-trivial operator 53. The existence of two continuous deformation pa- 
rameters when the algebra is stabilized is a novel feature of the deformation 
point of view, which does not appear in other noncommutative space-time 
approaches. These deformation parameters may define two different length 
scales. Of course, once one of them is identified as a fundamental constant, 
the other will be a pure number. 

Being associated to the noncommutativity of the generators of space-time 
translations, the parameter may be associated to space-time curvature 
and therefore might not be relevant for considerations related to the tan- 
gent space. It is, of course, very relevant for quantum gravity studies [36] . 
Already in the past, some authors [30], have associated the noncommuta- 
tivity of translations to gravitational effects, the gravitation constant being 
the deformation parameter. Presumably then might be associated to the 
Planck length scale. However i, the other deformation parameter, defines a 
completely independent length scale which might be much closer to labora- 
tory phenomena. This will be the working hypothesis to be explored in this 
paper. Therefore when -| is assumed to be very small the deformed algebra 
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may be approximated by 

[Mp,^,xx] = i{xp,riyx- Xyiripx) 
\Ph,pA = 

[xp,x,] = -tefMp, (3) 

[Xp,'^] = iefpp 
[Mp,,'^] = 

For future reference this algebra will be denoted TZe,oo- Notice that in relation 
to the more general deformation obtained in [M], we are also considering 
0:3 = (or /3 = in [36]). The nature of the sign e has physical consequences. 
If e = +1 time will have a discrete spectrum, whereas if e = —1 it is when 
one the space coordinates is diagonalized that discrete spectrum is obtained. 
In this sense if e = +1, £ might be called "the fundamental time" and "the 
fundamental length" if e = — 1. In this paper one discusses consequences of 
both signs. 

General (noncommutative) geometry properties of the algebra ([3]) have 
been studied before as well as some other consequences [37] [35] [SH] [ID] 
[IT]. Here the emphasis will be on effects which might be detectable at the 
laboratory level, if the working hypothesis that i defines a much larger scale 
than Planck's is true. In addition, some of the non-commutativity and time- 
discreteness effects that have been proposed in the past will be discussed, in 
particular to find out whether they are or not relevant as a test of the algebra 

©■ 

In the recent past, most papers dealing with space-time non-commutativity 
start from the hypothesis 

[xp, Xy\ iO pu (4) 

9py being a c-number antisymmetric tensor (for a review see [12])- Then, 
calculations are carried out by replacing the usual product of functions in 
space-time by the *— product 

(/ * 9) {x) = f (x) e^^'^^^g (x) (5) 

A similar *— product formulation may be implemented for the algebra ([2]) by 
replacing in (|5]) Op^, by the operator Mp^, and, to have a full *— product for- 
mulation, using the Moyal product for products of functions of coordinates 
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and momenta. However the situation is quite different from the one imphed 
by (jl]) because M^y is an operator, not a constant tensor deformation param- 
eter. Hence it does not lead to Lorentz violation, the deformed algebras ([2113]) 
being consistent with preservation of Lorentz invariance. Therefore some of 
the tests proposed for ^ are not relevant for Q. In addition the deformed 
algebras introduce a new non-trivial operator 53 which replaces the central 
element of the Heisenberg algebra. In particular this operator corresponds 
to an additional component in the most general connections compatible with 
(ED [26]. 

When the right-hand side of (jl]) is a c- number 9^^^, with dimensions of 
length-squared, it may be roughly interpreted as the smallest patch of area in 
the /iz/— plane that one may consider to be observable, like h in = iMij 

may be interpreted as the smallest patch in phase space. However here the 
right-hand-side of the commutators is an operator and the interpretation is 
subtler. 

The present paper is concerned with the discussion of effects which might 
lead to actual experimental tests if £ is not too small. It must be pointed 
out that some of these effects, as it will be referred to in the appropriate 
places, may have already been suggested by other authors. Nevertheless in 
most cases they are suggested in the framework of a simple time or space 
discreteness hypothesis, without the benefit of a full space-time algebra. For 
that reason some of the conclusions are different or more detailed. 

Phase-space modifications, deviations from c in speed measurements of 
massless wave packets, resonances, interference, electron spin resonance and 
non-commutative QED are considered. Finally, in the Appendix, some ex- 
plicit representations of the space-time algebra are collected, which are useful 
for the calculations. 

2 Phase space effects 

2.1 Cross-sections and particle multiplicity 

If e = +1 there is a phase space contraction effect at high energies. This was 
discussed in [39j, being pointed out that it might relevant for the calculation 
of the GZK radius [13] [11] . From the calculations in [52], the conclusion was 
that, whereas the value of the GZK cutoff would not be much changed, the 
radius of the GZK sphere would increase, allowing for more nucleons from 
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farther distances to reach earth at energies above 5.10^eV. For this effect to 
be detectable the fundamental time should not be smaller than 10~^^ seconds. 

Here, further consequences of the phase-space modification are studied. 
Both signs e = +1 and e = — 1 are considered. In particular, if the conjecture 
that the scale £ is much larger than the Planck's scale is true, such effects 
might already be observed at the energy of the existing colliders. 

The modification of the density of states PD] is obtained by computing 
how many available states a particle of momentum p has, for example, in 
a scattering experiment. Once the direction of p is fixed, the problem be- 
comes a one-dimensional problem, which may be dealt with by a subalgebra 
{x^,p^, Q"} of ([2])- Let e = +1 and define hyperbolic coordinates in the plane 
ip\Q) 

p^ = |sinh/i 

^ = r cosh n ^ ^ 

Then 

dfj. i dp^ 



one comparing with the representation ( IMI) one obtains 



= ze-^ (7) 



or, equivalently 



P' = I^iW (8) 
Q = r cosh (j^) 

For r = 1 and £ — )■ 0, the classical result is obtained. Hereafter let us consider 
r = 1. In the x— basis the eigenvectors p of the momentum p^ are e^^"^ which, 
with vanishing boundary conditions on a box, has eigenvalues 

Pn = ^ sinh (j^ni^ (9) 

corresponding to A;„ = Therefore the number of states with momenta 
smaller than p is 

Gl"" (p) = -] sinh-' (ip) (10) 
and the density of states is 

gl^{p) = ^ = ^ 1 (11) 
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For three dimensions, considering the number of independent states with 
absolute momentum less than \p\ 

(N) = ^^(sinh-M^N))' (12) 
leads to a density of states 

.,nn.... V l (^inh-(^|p|)f 

For e = — 1 the appropriate coordinates in the plane {p^,Q) are = 
I sin 6*, 53 = rcos^, = ii^ and one would obtain the opposite effect, 
namely the factor 1 / a/1 — Pp'^) . Therefore 

The conclusion is that for e = +1 there is a contraction of phase space 
increasing with energy and an expansion for e = — 1, the cross sections being 
corrected by the new density of states ( !T3|) and ( IT5|) . For e = +1 the sup- 
pression effect of the phase-space contraction on high energy reactions may 
be estimated by comparing the integral 



(sinh ^ {ipi)Y dpi (sinh ^ {ipN)Y dp 



N 



(Q = / ■ ■ ■ / ^ , ^ , max \ u — y Pi 

''J Jo i^./TTWi iw^+^'PN V 



with In{0)- This estimates the suppression effect on an high energy final 
state integral for total energy u neglecting masses. Changing variables one 
obtains 



N 



3 r (sinh-^ dx, (sinh-M/3x.)) dx, / ^ 

Jo /3'^l + /3^xl /3^^1 + /3^x% \ 

with /3 = u£. FigiH is a plot of the suppression function S = for 
= 2, 3, 4. One sees that the suppression effect decreases when the number 
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of final particles increases. The phase space suppression effect implies that if 
cross section values found at low energies are used to predict the final states 
at higher energies, an increase in particle multiplicity will be found above 
the expected one. 




Figure 1: Phase-space suppression function (e = +1) for 2,3 and 4 final 
particles 

For e = — 1 the effect would be the opposite one, that is, a smaller mul- 
tiplicity. One also sees that these effects will only become noticeable for 
(3 ~ 0{1). For example, an observation of the effects starting at around 
oj = 600 Gev would imply £ - O (10^27^) or ^ - O (3 x lO-^^cm). 

2.2 The degeneracy pressure 

That the phase space volume modifications at high energies (contraction for 
e = +1, dilatation for e = —1) would also lead to statistical mechanics 
predictions was briefly mentioned in [3^. This might, in particular, have 
some consequences for models of dense star matter. Here I will analyze the 
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modifications implied by the deformed algebra on the degeneracy pressure 
of a Fermi gas. Both the non-relativistic and the relativistic case will be 
analyzed. For a gas of nonrelativistic particles the kinetic energy E is 

E = ^ 
2m 

For e = +1, changing variables in (IT^ the density of states becomes 

V 1 / . , 1 /„ /- -\\2 ^/2^ 



From 



Ey/TTWmE 



N= {2s + 1) gl^ (E) dE 
Jo 

at T = 0, one obtains 

1 / QttH^N 

Ef = t: smh — 

2m£2 \{2s + l)Vj 

In leading i"^ order the energy and the pressure are 

U{0) = / {2s+l)Egl^ {E)de 
Jo 

^ i2s + l)^^{2mf'!^^E'J'-^mfEy'^ 



dU (0) 
dV 



N,S 



leading to 



^ ^ 2 15 (20n^\ (Um 

V i4V2s + iy \ y ) 



In the relativistic case, which is the one that is relevant, for example, for 
neutron star matter, the total energy density per unit volume is 



P 



PF 







{p' + m'y"\^gf{p)dp 
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and the pressure 



P = - 



1 rP' 1 



3 Jo (p2 + m2)i/='l^ 



/ 2 3 \ -'^/^ 

with Pi? = jsinh ( ^q^jy^j ■ Writing p and P with the adimensional vari- 
ables ml and ^ — " 



n 



(2s + l)m4 P^/'^ da; 



27r2 



{(.m) 
n\ (2s + 1) r^/"" da; 



(sinh ^ (£mx))' 







(£m) 



(sinh ""^ {lmx)y 



X 



1.02 




1.0002 



1.0001 - 




0.9995 



0.9994 



Figure 2: Ratios p^/po and Pi/Pq for two £m values 

In the Fig J2] the ratios pe/po and Pe/Po are plotted for two im values. One 
sees that the phase-space suppression (e = +1) implies a larger degeneracy 
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pressure and a smaller total energy density for the same n = y. However, (in 
contrast with the effects that might seen at high energy colliders, as discussed 
above) and for reasonable star matter densities the effect is probably too 
small to be observed. For example, with m the neutron mass, a matter 
density of A.lO^'^g/cm^ and i = 10~^^s one has im = 1.35 x 10~^ but only 
= 2.16 X 10^^. One sees from FigJ2] that for these values the effect is 
extremely small. 

The corresponding results for the case e = — 1 are obtained by replacing 
(1 + i'^m'^x'^) by (1 — i'^m'^x'^) and sinh""^ by sin^"*^ in the equations above. 



3 Measuring the speed of wave-packets 

In the noncommutative context, because the space and the time coordinates 
cannot be simultaneously diagonahzed, speed can only be defined in terms 
of expectation values, for example 

1 d 



V. 



(^t,^>^> (16) 



Here, one considers a normalized state i(j with a small dispersion of momen- 
tum around a central value k. At time zero 



^0 



/V«)/fc(p)^^'p (17) 



where p° = + rn'^, a standing for the quantum numbers associated to 

the little group of p and fk (p) a normalized function peaked around p = k. 

To obtain ipt one should apply to ipo the time-shift operator. However 
this is not p° because 

^-iap^^^iapO = t + (18) 

follows from 

= (19) 
whereas a time-shift generator F should satisfy 

[T,t]=zl (20) 

In order O (£^) one may take 

T = p^'Q-' - -e'' {p'Y (21) 

3 
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because 

[r,i]=i(l-£^(/)'sj-^) (22) 

To obtain this result, use was made of [t, — —iePp^'^~'^ , which follows 
from [t, = 0. 

Here one uses a basis where the set (p'', SJ) is diagonalized and define 

? = ? (23) 

is the momentum in units of Q". 
Therefore up to the same O (£^) order 



j e"('°"'' ^""^ ) pVa^ h (p) d'p (24) 



To compute the expectation value of one notices that from 

d'^ dp^ 



x^^ii eiV4z - ] (25) 



using ^ = — fe-^ one obtains 

x^ = -ilAr + ef\ ifp'Ar } I (26) 
\dPi, ( dp" 

{}g meaning symmetrization of the operators. 

Now the expectation value of this operator in the state t/jt is computed 
and taking the time derivative one obtains for the wave packet speed in order 

v^-l{l- ef (/)^) - ef (p/ + (pyi) (27) 

being small, this deviation from may be difficult to detect for mas- 

sive particles given the uncertainty on the values of the mass. However, for 
massless particles the deviation from c (= 1) 

t.v^ = -3e£2 (p0)2 (28) 
13 



might already be possible to detect accurately with present experimental 
means |17]. Such deviation above or below the speed c (depending on the 
sign of e) would not imply any modification of the relativistic deformation 
constant (^), nor a breakdown of relativity. Rather, it would be a manifes- 
tation of the noncommutative space-time structure. 

For p° = 20 GeV and £ = 3 x lO^^^cm (or £ = lO'^^s) \Av^\ ~ 2.7 x 10"^ 



4 Time quantization and resonances 

Some years ago Ehrlich [l8], finding a regularity in the resonance widths 
known at the time, conjectured that the widths might be quantized in multi- 
ples of some fundamental time unit. Later, the same author ^\ using more 
recent data, pointed out that the quantization hypothesis of the resonance 
widths did not agree as well as before. Nevertheless, the conjecture has its 
merit and deserves to be checked within the present framework. If the time 
quantization has a direct bearing on resonance widths it should already be 
apparent in simple potential models. Consider the simple one dimensional 
potential displayed in Figj3l 

Let the wave functions in regions 1 and 2 be 

= Asm{kx) , , 

^(2) ^ g-ifc(2)x _^ Q^ik(^)x (29) 



Quantized time would correspond to e = +1, therefore, using the represen- 
tation ([8]), 

P = -^Zsin(££) (30) 
= rcos(££) 

the momentum p associated to a wave number k is 

p = j sinh (ki) (31) 
Using the matching conditions aX x = L one obtains 

A = (32) 

sin (kL) + ^ cos {kL) ^ ' 



14 



(2) 

I 



- u I 1 

L 



Figure 3: A simple one-dimensional potential 

and 

B = e--^^^'^ I , '^^"^f^ , , - 1 1 (33) 
\sin(A;L) + ^cos(A;L) J ^ ' 

with k^"^^ obtained from k by the matching of the energy in regions 1 and 2. 
For a non-relativistic approximation and r = 1 it is 

cosh {2k^'^H) = cosh {2ke) - Amuf (34) 

and in the relativistic case 

cosh {2k^'^k) = 1 + (^^cosh (2H) - 1 + 2m2£2 _ ^H^^ - 2mlf (35) 

The resonances are associated to the complex zeros of sin {kL)+^ cos {kL), 
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that is using (^^, to the zeros of the function 

F {k) = cosh (2H) - Amuf - cos 



2ki 



tan (kL) ) 



In FigJH the location of the zeros of F {k) are plotted for m 
i = 0.01 and i = 0.5. 



u = L 
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Figure 4: The complex zeros of the function F [k) 

One sees no evidence for the width of the resonances being quantized 
in multiples of ^. Rather, the widths and separation of the resonances is 
related to the geometry of the problem. However, what one notices is that 
as £ approaches the scale of the problem, the resonances become extremely 
wide being, in practice, undetectable in the scattering amplitudes. This is 
illustrated in Figj5] where the amplitude of A is plotted. 

Therefore the only effect to be expected is that as soon as one deals with 
phenomena close to the scale of £ only few or no resonances will be observed. 
Hadronic resonances being of order 10~^^s, this establishes an upper limit 
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1.02 - 




Figure 5: The amplitude \A\ for i = 0.01 and 0.5 



5 Phases and interference 

In the algebra ([3]) a complete momentum space description is possible with 
the variables {t,p^,p^,p'^,p^, in the commuting basis {t,p^,p'^,p^) with the 
representation (e = +1) 

x° = t 

/ = |rsinh(£|) (36) 
9 = rcosh(£|) 

Because of the noncommutativity of time with the space coordinates, the 
simpler approach is to consider in each case the eigenvalues of the Hamilto- 
nian and then to obtain the time evolution of each eigenstate. 

From the equation 

pV = Htjj (37) 
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one obtains, in first approximatioi]0, the time evolution of an eigenstate by 

= Ei,E (38) 

jT sinli {^Ij^ i,E = iijE {t + i)-^Eit~i))= E^E (39) 

tliat is, tlie (momentum-space) Scfirodinger-like equation becomes a finite- 
difference equation, as has been conjectured by several authors [16]. Here, 
however, it is a direct consequence of the algebra ([3]). For the case e = — 1 
the corresponding equation would be 

{tfjE {t + li) -^E{t- ti)) = EtfjE (40) 

The solution of is 

^Pe (t) = exp sin-i (^^^ I ijE (0) (41) 

The inverse trigonometric nature of exponentials of this type, have been in- 
terpreted by some authors as meaning that in the quantized time case there 
is an upper bound j for the energy. This is an unwarranted conclusion be- 
cause the most general representation of the subalgebra {po, xq, allows for 
the arbitrary factor r. Therefore the maximum energy (of stationary states) 
would be J and not j. Notice that as soon as one considers also the space 
coordinates, r is a variable needed for the consistency of the representation 
with the commutation relations ([3]) (see the Appendix). In any case, the fact 
that there would not be any stationary eigenstates (lipE (t)\ = \ipE (0)| , Vt) 
for E > J does not mean that the spectrum of has an upper bound. 
Consider now the interference pattern of two eigenstates 



+2iIje, (0)^i5, (O)cosU 



sm — sm 



^As seen before (Eql^Tj). the time shift generator has corrections of order £'^. Therefore 
this Schrodinger-hke equation is only an approximation. However, because in this section 
one only wants to explore the effects of the repalcement of derivatives by finite-differences, 
this approximation will suffice. 
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For a small enough difference A between two large energies, the oscillation 
frequency uj of the interference would be largely affected by the noncommu- 
tative structure. Let 

^ = e + A 
r 

^ = e 

r 



Then, the oscillating frequency in ( H2l) is 

u = J [sin-' {£ + A)) - sin-' {iO] 

~ A + - (se^A + S^A^ + A^) 
6 

which for small A leads to a correction A (l + 

As in phase space suppression (or dilation) and particle multiplicity ef- 
fects (Sect. 2), observation of this correction depends on the product i^. For 
instance £^ ~ O (1) for i ~ lO'^^s and ^ ~ 300 GeV. 



6 Electron spin resonance 

Consider an (unpaired) electron interacting with a magnetic field, for which 
one considers only its spin degree of freedom . In the basis where x+ (t) ^''^d 
X- (t) are the up and down spin states the Hamiltonian is 

Tj 9 I Bz Bx — iBy \ , . 

''=-2^'[B. + ^B, -b/ ) (43) 

Let Bz = Bq be fixed and i?^. By time-dependent. The time dependence for 
a massless field cf) is obtained from 

N') = (44) 

Use the commuting basis (t,p',p'^,p^) and assume to be an eigenstate of 
momentum 
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Then from (1951) and 0961) it follows that Eg. fl44l) becomes 

dt 



- ^ sinh^ (i^ ] 0+ = A: V+ (45) 



:^sm'(i^]<j). = e<j)_ (46) 



for e = +1 and 

dot, 

for e = — 1, with solutions (setting 7 = 1 which is simply a momentum unit) 

(t) = 0+ (0) exp (^±j sin-' {£k)^ (47) 



(t) = (f,_ (0) exp (^±j sinh-i (£A;)^ 



(48) 



the main modification of the noncommutative structure being that k is no 
longer the frequency of the massless matter wave, 

= J sin~' (ik) 
I 

uj- = - sinh~^ [^k) 

Consider now a field 

B.^ = b cos (ut) ; By = b sin (ut) ; B^ = Bq (49) 

Defining 

c^i = uq = ^HbBq (50) 

from 

p'x{t) = Hx{t) (51) 

one obtains (e = +1) 

l-^{x^{t + e)-x-{t-i)} = -iOoX-{t)+uj,e'^^'x+{t) (52) 

Replacing X- {t), taken from the first equation, on the second one obtains 
with 

X+(t) = X+(0)exp(at) (53) 
20 



the characteristic equation 
— {cos {i (w + 2A)) - cos = ^ {sin (w + A)) - sin (£A)} 

(54) 



which for £ = reduces to 

A^ + w+A + woi^+ — ~ '^1 ~ (^5) 

with solution 

.(0) _ ^+ , ^ ^ 



Ai^^ = -^±A/a;?+(a;o-^) (56) 



To obtain the leading corrections to this result one finds from ([5 



= 0- ^ 

£=0 



_ a;o ((a;+ + A)' - A^) 
6(a;+ + 2A) 



(57) 



Therefore, in order 



A« = Af + ^-^^ (58) 

6 f w+ + 2Ai°^ 

Let the initial conditions at t = be 

x(o)^(; 

Then from 

X+ it) = Ae'^+' + Be'^-' (59) 

5 = -A and 

X- (0) = {^i^ (^A+) - sin (^A_)} = 1 (60) 

leading to 

\A\ = 

' ' i{sin(a+) -sin(£A_)} ^ ' 

If the energy of the electromagnetic field at frequency u;+ is dissipated by 
relaxation processes the absorbed energy would be proportional to \Af. Figj6] 
illustrates, for several iuo values, the kind of deviations in the absorption 
spectrum that would be observed. Similar results are obtained for the e = — 1 
case. 
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Figure 6: Absorption spectrum for several iuo values 

7 Non-commutative QED 

The general construction of gauge fields as Lie algebra- valued connections on 
the deformed algebra was sketched in Ref . [SB] . Here, I will review those 
results and construct the electromagnetic field in the operator context. Then 
an operator symbol (star-product) formulation will be developed which is 
useful for practical calculations. 

7.1 Non-commutative space-time and the electromag- 
netic field 

The derivations of the algebra TZe,oo © are the inner derivations plus a 
dilation V {[D, P^] = P^- [V, ^] = [V, M^,] = [V, x^] = 0). 

Der{3fJ,,oo} = [X^, M^,, P^, 53, V} (62) 

Because in the construction of the differential algebra, the derivations corre- 
sponding to and play a special role, they are denoted by the symbols 
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(9^ and 84 to emphasize their role as elements of Der{3fj£ 00} rather than ele- 
ments of the enveloping algebrej^ f/j} = {X^, M^,^, P^, 9, 1} of 3?£,oo- The 
action on the generators is 

d.{M^u) = Va^^Pu - VauPf. (63) 
d^{P.) = = 9^(1) = 

d^iM^,) = d^iP,) = d^i^) = d^il) = 

The set of derivations {9^, d^} is the minimal set that contains the usual 
9^'s, is maximal abelian and is action closed on the coordinate operators, 
in the sense that the action of (9^ on leads to the operator 53 that cor- 
responds to 84 and conversely. Denoting by V the complex vector space 
of derivations spanned by {8^,84}, the algebra of differential forms ^{Usa) 
is now constructed from the complex C{V, ?7sr) of multilinear antisymmetric 
mappings from V to f/sR. For an explicit construction of ^^(t/sR) one may use 
a basis of 1-forms {6^,6'^} defined by 

r(9,) = 5^ a, 6 G (0,1,2,3,4) (64) 

The elements 6*" of the 1-form basis do not coincide with dXfj^. Actually 

dx^ = T],^^e'' + £P^e^ (65) 

Although the operators associated to the coordinates are just the four X^, 
fi G (0,1,2,3), (no extra dimension in the set of physical coordinates) one 
sees that an additional degree of freedom appears in the set of derivations 
which, by duality, leads to an additional degree of freedom in the exterior al- 
gebra. Therefore quantum fields that are connections may pick up additional 
components. 

To define gauge fields in this setting consider a right [/s^-module generated 
by 1. 

E = {la; a G U^} (66) 



^For the generation of the enveloping algebra one adds the operators {9"^, 1} and their 
powers. Because 9 is a small deformation of 1, is well defined. The commutation 
relations with are easily obtained from the vanishing of all commutators with 
For example = -ifP^,'^^'^. 
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A connection is a mapping V : E ^ n^iUsfi) such that 

V{xa) = xda + V{x)a (67) 

X ^ E, a E U^. For each derivation 5i eV the connection defines a mapping 
V5. : E ^ E. Because of Eq.( l67|) . knowing how the connection acts on the 
algebra unit 1, one has the complete action. Define 

V(l) = A = A,e\ A, G (68) 

A gauge transformation will be a unitary element {U*U = 1) acting on 
E. Such unitary elements exist in the C*-algebra formed from the elements 
of the enveloping algebra by the standard techniques. Let G -E be a scalar 
field. Then 

V(0) = c/0 + V(1)0 (69) 
Acting on V(0) with a unitary element 

f/V(0) = Ud{U"^U(f))+UV{l)U-^U(f) = d{U(j))+{U{dU-^)+UV{l)U-^}U(f) = V{U(f)) 

(70) 

Therefore the gauge field transformation under a gauge transformation is 

V{1) ^U{dU~^) + UV{1)U-^ (71) 

The non-commutativity of f/sR prevents the vanishing of the second term. 
The connection is extended to a mapping E (g) Q{Uss{) E ^ ^{Usa) by 

V(0a) = V(0)a + (72) 

(f) e E and a G ^{U^). Computing V^(l) 

V2(l) = V(1A#) = V{lAi)e' + lAidO' 

= IdAfi' + V{l)Aie' + lAidO' (73) 

= dj{Ai)e^ + AjAiO^ 

Therefore, given an electromagnetic potential A = A-fi^ [Ai G t/jf) the corre- 
sponding electromagnetic field is FijO^ A 9^ where 

F,,=9.(A,)-9,(A) + [A„A,] (74) 

Fij G f/sR. Unlike the situation in commutative space-time, the commutator 
term does not vanish and pure electromagnetism is no longer a free theory. 
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because of the quadratic terms in Fij. Also the indices in the connections 
( EE\i and gauge fields (|7II) run over (0, 1, 2, 3, 4), which resulted from the most 
natural choice for the differential algebra basis. 

To construct an action for the electromagnetic field consider a diagonal 
metric r]ab = (1, —1, —1, —1, 1) and construct 

G = GkniO" A 0" A ^' (75) 

where Gkni = ^^ni-^ij ^ The action Sa is obtained from the trace of 
FAG 

Sa = Tr{F,,F»^} = Ti{F^,F^- + 2F^^F^^} (76) 

/i,z/G (0,1,2,3). 

To discuss matter fields one needs spinors, and an appropriate set of 7 
matrices to contract the derivations da- A massless action term for spinor 
matter fields may be written 

= i^rdail^ (77) 

where a G (0, 1, 2, 3, 4), 7° = (7°, 7^, 7^, 7^, i7^) and t/^ is a field in a projective 
module C f/^''. It follows from the properties of the derivations that 
this term is Lorentz invariant. Notice that although the set {M^^^X^} has 
a 0(2,3) structure, it is only the 0(1,3) part that is a symmetry group. 
Coupling the fermions to the gauge field 

S^=^ir{da + igAa)^ (78) 

One sees that the fermions may be coupled to the connection Aa without 
having to introduce new degrees of freedom in the fermion sector. 

Given the connection as a member of the enveloping algebra ?7sr it 
may be decomposed into a set of operator eigenvalues of the momenta {P^} 
with c- number coefficients (fc). One has 

P„ e-^M^'^^-'^A = k.e-'M^'^'^-A. (79) 



Then 



A, = J d'k [a, (k) e-^^-^i^^'^-^}. + 4 (k) e^'^i'^'^-'}. } (80) 



25 



For the electromagnetic field F^^ in ( 1711) one has to compute 

which in leading order is 

S''^ being a spin operator 
Then 

F^,{k) = -t{k^A,{k)-KA^{k)) 

+tf I J d\A, (k - q) A, (q) {k - q)^ 



(81) 



(82) 



(83) 



(84) 



the last term in ( 1841) being the momentum space image of the noncommuting 
in (17^ . One sees that noncommutative pure QED is not a free 
theory, having nontrivial 3- and 4-photon vertices of order £^ which are spin- 
dependent. 



7.2 An operator symbol formulation 

An algebra of non-commuting operators may be represented in a space of 
functions with a modified (star) product. The general context of this for- 
mulation is described in Appendix B. Here a star-product is found which 
reproduces the noncommutative features of the space-time algebra. The non- 
commuting algebra that is being represented is 

A A 
[P,.,Pu] = 

[P„X,] = Z7]^,^ (85) 



A A 

A A A 
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where the hat symbols are meant to emphasize the non-commuting opera- 

( A A A^ 

tor nature of < P^,X^, 53 >. These are going to be represented by functions 
{Pfi, x^, ^3} with a star product 



G {p,x,is)*H {p,x,is) = Ge v /V JH 

(86) 

From this one obtains for the electromagnetic field 

F^, (x) = d,A, ix)-d,A^ ix)+A^ (x) e-^^^^-^A, {x)-A, (x) e'^^^^-^^A^ (x) 

(87) 

in order 

F^, (x) = d^A, (x) - d,A^ (x) - ittd'^A^ (x) d'^A, (x) M^^ (88) 
and in momentum space 

F^^{h) = -t{k^A,{k)~KA^{k)) 

+iee I j d^A^ (k - q) A, (g) (k - qY q^ 

+ j dSA, {k + q) 4 (g) {k + qf g^'j M., (89) 

In the context of the noncommuting phase-space structure defined in 

A A A A 

(!85|) the orbital angular momentum would be represented by X^P^ — X^P^. 
Therefore it makes sense to interpret M^^ as the spin operator and one ob- 
tains the same F^^, {k) structure as before. 

For the photon-spinor interactions, by minimal coupling one has 

i) (x) {D^ - m) (x) (90) 

with 

[x) = df,ip (x) - iAf, (x) * ip (x) 

In conclusion: one has 3-photon vertices of order £^ and 4-photon vertices of 
order i^. The 3-photon coupling (in £^ order) is 

ef (27r)' 6' (pi + + Ps) {9''"''pTP3P2Map - g^^'^'p^'plp'^M^p + c.p.} 

(91) 
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c.p. meaning cyclic permutations of {1, 2, 3} (refer to FigJ7|for notation), the 
photon-spinor coupling is 

e (2vr)^ 5' [p - p - k) (7^),^ |l + ^p'^M.^} (92) 

and the bare propagators are unchanged. All non-commuting contributions 
have momentum and spin dependence. 




Figure 7: One and three-photon vertices 

The 3 and 4-photon vertices lead to new one-loop contributions, see FigJH] 
for the 2- and 3-point functions. 

Figure 8: One- loop diagrams 

In particular, the new coupling f l92|) 

eef^ - i 

implies the existence of extra spin-dependent contributions in spinor scatter- 
ing which are enhanced at large p and k. 
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8 Remarks and conclusions 



1) The most relevant point of the stabihty approach to noncommutative 
space-time is the emergence of two deformation parameters, which might 
define different length scales. This led to the conjecture that one of them 
might be much larger than the Planck length and therefore already detectable 
with contemporary experimental means. 

2) The effects explored in this paper are rather conservative in the sense 
that they explore well-known physical observables. Other similar conse- 
quences of the noncommutative structure, already mentioned before [37] . 
follow from the non- vanishing right hand side of the double commutators 



3) A more speculative aspect of the noncommutative structure concerns 
the physical relevance of the extra derivation described in Section 7.1. 
This includes new fields associated to gauge interactions which may lead to 
effective mass terms for otherwise massless particles (see [SB] for more details) 

9 Appendix A: Representations of the de- 
formed algebra and its subalgebras 

For explicit calculations of the consequences of the non-commutative space- 
time algebra ([2]) (with e' = 0) it is useful to have at our disposal functional 
representations of this structure. Such representations on the space of func- 
tions defined on the cone C"^ (e = —1) or C^'^ (e = +1) have been described 
in |2S] ■ Here one collects a few other useful representations of the full algebra 
and some subalgebras. 

1 - As differential operators in a 5-dimensional commutative manifold 
^5 = {^/x} with metric rjaa = (1, -1, -1, -1, e) 



a 




(93) 
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(94) 



2 - Another global representation is obtained using the commuting set 
{p'^, 53), namely 

3 - Representations of subalgebras 

Because of non-commutativity only one of the coordinates can be diag- 
onalized. Here, consider the restriction to one space dimension, namely the 
algebra of {p", 55, p^, x", x^}. 

For e = +1 define hyperbolic coordinates in the plane {p^,Q) and polar 
coordinates in the plane (p", Q"). Then, from it follows from (IMl) 

p^ = J sinh /i 

p° = I sin 9 

= r cosh /i = 7 cos 9 (95) 

' - ti^ 



X 



For e = — 1 with polar coordinates in the plane {p^, Q") and hyperbolic coor- 
dinates in the plane (p°, 3"), 

p^ = J sin 6^ 
p^ = J sinh /i 



53 = 7 cosh fi = r cos 6* (96) 

_ 9 



X 



' dpi 



10 Appendix B: Operator symbol formula- 
tion 

Let A be an operator in a Hilbert space l-L and U{x), D{x) two families of 
operators called dequantizers and quantizers, respectively, such that 

Tr|?7(x)D(x')} = 5(f -f) (97) 

The labels x (with components xi,X2, ■ ■ ■ Xn) are coordinates in a linear space 
V where the functions (operator symbols) are defined. Some of the coordi- 
nates may take discrete values. For them the delta function in fPTI) should 
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be understood as a Kronecker delta. Provided the property (^71) is satisfied, 
one defines the symbol of the operator A by the formula 

/^(f) = Tr|f/(f)i}, (98) 

assuming the trace to exist. In view of f l97p . one has the reconstruction 
formula 

A= fA{x)b{x)dx (99) 



The role of quantizers and dequantizers may be exchanged. Then 

/^(f) = Tr|^(f)i} (100) 

is called the dual symbol of /yi(a;) and the reconstruction formula is 

A = [ f'i{x)U{x) dx (101) 



Symbols of operators can be multiplied using the star-product kernel as fol- 
lows 



fAix) -k fsix) = J fAiy)fBiz)K{y, z, x) dydz (102) 
the kernel being 

K{y,z,x) = TT[b{y)b{z)U{x)] (103) 
The star-product is associative, 

(/A(f) ^ fsm ^ fcix) = fA{x) k Ub{x) k fcix)) , (104) 

this property corresponding to the associativity of the product of operators 
in Hilbert space. 

With the dual symbols the trace of an operator may be written in integral 
form 

Trji^} = j fi{x)fB{x)dx = j fi{x)fA{x)dx. (105) 

For two different symbols Ja^x) and fA{y) corresponding, respectively, to 
the pairs {U{x),D{x)) and {Ui{y),Di{y)), one has the relation 



fAix)= I fAiy)Kix,y)dy, (106) 
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with intertwining kernel 

K{x,y) = TT[D^{y)U{x)^ (107) 

This general formulation of operators, as operator symbols in a space of 
functions with a star-product, is useful in many other contexts, for example 
in signal processing [5U] . 
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